The neutron-proton effective mass splitting in neutron-rich nucleonic matter reflects the space-time nonlocality of the isovector nuclear interaction. It affects the neutron/proton ratio during the earlier evolution of the Universe, cooling of protoneutron stars, structure of rare isotopes and dynamics of heavy-ion collisions. While there is still no consensus on whether the neutron-proton effective mass splitting is negative, zero or positive and how it depends on the density as well as the isospin-asymmetry of the medium, significant progress has been made in recent yeas in addressing these issues. There are different kinds of nucleon effective masses. In this mini-review, we focus on the total effective masses often used in the non-relativistic description of nuclear dynamics. We first recall the connections among the neutron-proton effective mass splitting, the momentum dependence of the isovector potential and the density dependence of the symmetry energy. We then make a few observations about the progress in calculating the neutron-proton effective mass splitting using various nuclear many-body theories and its effects on the isospin-dependence of in-medium nucleon-nucleon cross sections. Perhaps, our most reliable knowledge so far about the neutron-proton effective mass splitting at saturation density of nuclear matter comes from optical model analyses of huge sets of nucleon-nucleus scattering data accumulated over the last five decades. The momentum dependence of the symmetry potential from these analyses provide a useful boundary condition at saturation density for calibrating nuclear many-body calculations. Several observables in heavy-ion collisions have been identified as sensitive probes of the neutron-proton effective mass splitting in dense neutron-rich matter based on transport model simulations. We review these observables and comment on the latest experimental findings.
Introduction
At the outset, we would like to first emphasize that there are many comprehensive research and review articles on nucleon effective masses in nuclear medium in the literature. While there are many interesting research articles on the neutron-proton effective mass splitting or nucleon isovector effective mass in isospin-asymmetric nuclear matter, to our best knowledge few review articles exist. This brief review on the neutron-proton effective mass splitting is based mainly on our recent work originally published in refs. 1,2,3,4,5,6,7,8,9,10 in collaboration with several colleagues. While we try to be inclusive and minimize our probably unavoidable biases in making some observations and comments on several key issues, this article is not intended to be a comprehensive review of the field. Moreover, there are several different kinds of nucleon effective masses, see, e.g., refs. 11,12,13 for very extensive reviews. In particular, the concept of the nucleon effective mass in the relativistic case is much more complicated and one must be very careful in comparing the effective masses used in relativistic and non-relativistic models as stressed in refs. 14, 15, 16 . In this article, we shall concentrate on the total nucleon effective mass and especially the corresponding neutron-proton effective mass splitting m * n−p ≡ (m * n − m * p )/m used typically in the non-relativistic description of nuclear dynamics.
As it is well known, the nucleon effective mass is a fundamental quantity characterizing the propagation of a nucleon in nuclear medium 11, 13, 17, 18 . It describes to leading order the effects related to the space-time non-locality of the underlying nuclear effective interactions and the Pauli exchange effects in nuclear systems. It is also directly related to the discontinuity of momentum distribution of correlated nucleons at the Fermi surface 11, 19, 20, 21, 22, 23, 24, 25 . In isospin-asymmetric nucleonic matter, whether the effective mass for neutrons is higher, equal to or lower than that for protons and how their difference may depend on properties of the medium are among the interesting new questions arising. As summarized nicely by Meiβner et al. 26 , answers to these questions have important ramifications in addressing many unresolved issues in nuclear physics, astrophysics and cosmology. For instance, it is relevant for the primordial nucleosynthesis where the equilibrium neutron/proton ratio is determined by (n/p) eq = e −m * n−p /T in the early (≥ 1ms) universe when the temperature T was high (≥ 3 MeV) 27 . It is also important for calculating the neutrino opacities in neutron star matter 28 . Moreover, it is critical for understanding properties of mirror nuclei 29 , the location of drip-lines 30 , energy level densities of reaction partners 31 , the time scale and degree of isospin transport in nuclear reactions induced by radioactive beams 2,32 , isospin-sensitive observables in heavy-ion collisions 2,3,32,33,34,35,36 as well as thermal and transport properties of neutron-rich matter 10,37,38 . Furthermore, we notice here that the individual effective masses of neutrons and protons enter into many microphysics processes in both nuclear physics and astrophysics. For example, in different cooling processes of proto-neutron stars, the product of various powers of (m * n /m n ) i × (m * p /m p ) j are involved in calculating the neutrino emission rates. The different effective masses of neutrons and protons, although not always directly their difference, play a significantly role in determining several properties of neutron stars 39,40,41 . In addition, it has long been known that the nucleon effective masses affect the in-medium nucleon-nucleon cross sections, thus transport and thermal properties of nuclear matter.
Besides continuing efforts in calculating the neutron-proton effective mass splitting m * n−p using essentially all available microscopic many-body theories and phenomenological approaches with various interactions, significant efforts were devoted recently to extracting the m * n−p from nucleon-nucleus scattering experiments 5,8 . Moreover, several experimental observables in heavy-ion collisions sensitive to the neutron-proton effective mass splitting were predicted based on transport model simulations 2, 3, 32, 33, 34, 35, 36 . Interestingly, some indications about the sign of the m * n−p in neutron-rich matter from transport model analyses of heavy-ion reaction data were also reported very recently 42 . In this brief review, we summarize a few key progresses in these efforts in order to stimulate further studies on this currently hotly debated topic, especially in view of the great new opportunities of studying properties of neutron-rich matter at rare isotope beam facilities under construction around the world.
2. Neutron-proton effective mass splitting and momentum dependence of symmetry (isovector) potential
Microscopic nuclear many-body theories indicate that the real part of the singlenucleon potential U τ (k, E, ρ, δ) for τ = n or p in nuclear matter of density ρ and isospin-asymmetry δ ≡ (ρ n − ρ p )/ρ depends on not only the nucleon momentum k but also its energy E, reflecting the nonlocality in both space and time of nuclear interactions, see, e.g. 13,43 for detailed discussions. These two kinds of nonlocality can be characterized by using the so-called nucleon effective k-mass and E-mass, respectively defined in terms of the partial derivative of U with respect to k and E 13 . However, once a dispersion relation k(E) or E(k) is known from the on-shell condition E = k 2 /2m + U (k, E, ρ, δ), an equivalent potential either local in space or time, i.e., U (k(E), E, ρ, δ) or U (k, E(k), ρ, δ), can be obtained. Thus, the total nucleon effective mass can be calculated using either the first or second part of its defining equation depending on whether the E or k is selected as the explicit variable 13
where m τ represents the mass of neutrons or protons in free-space and the neutron/proton Fermi momentum k
being the nucleon Fermi momentum in symmetric matter at density ρ and τ 3 = +1 or −1 for neutrons or protons.
It is well known that the nucleon potential U τ (k, ρ, δ) in isospin-asymmetric matter can be expanded in δ as
where U 0 (k, ρ), U sym,1 (k, ρ) (conventionally denoted as U sym (k, ρ), namely, the Lane potential 44 ) and U sym,2 (k, ρ) are the isoscalar, isovector (symmetry) and secondorder isoscalar potentials, respectively. The neutron-proton effective mass splitting
Considering that the U sym,1 (ρ, k) · δ term is always much smaller than the isoscalar potential U 0 (ρ, k) in Eq. (2), it was shown 9 that the denominator in Eq. (3) can be well approximated by (1 +
2 . Up to the first-order in isospin asymmetry parameter δ, the expression for m * n−p (ρ, δ) can be further simplified to
This expression is valid at an arbitrary density ρ and it is seen that the m * n−p generally depends explicitly on the momentum dependence of both the isovector U sym,1 and isoscalar U 0 potentials. At saturation density ρ 0 , isospin-dependent optical model analyses of nucleon-nucleus scattering data 8 indicate that the last two terms in Eq. (4) largely cancel out, leaving the momentum dependence of the symmetry potential dU sym,1 /dk as the dominating factor. Much information about the momentum dependence of the isoscalar potential dU 0 /dk especially at saturation density and the associated nucleon isoscalar effective mass m * 0 at the corresponding Fermi surface is available. However, our current knowledge about the momentum dependence of the isovector potential is still rather poor. In fact, as we shall summarize in the next section, different microscopic and/or phenomenological many-body theories using various nuclear interactions predict rather diverse momentum dependences for the isovector potential. Consequently, the predicted neutron-proton effective mass splitting in isospin-asymmetric nucleonic matter is still very uncertain.
3. Physics origins of the uncertainties in the neutron-proton effective mass splitting in neutron-rich matter
The nuclear symmetry potential has been calculated using various microscopic theories and phenomenological approaches, such as the relativistic DBHF theory 14, 15, 45, 46, 47, 48 , the non-relativistic BHF theory 4,49 , the chiral perturbation theory 50 , the RMF approach 16,51 , the non-relativistic mean-field models based on Skyrme-like interactions 1,52,53,54 , and the relativistic impulse approximation 55,56 . Unfortunately, they give widely different predictions for the momentum dependence of the nuclear symmetry potential especially at high densities and/or momenta. Shown as examples in the upper windows of Fig. 1 are the symmetry potentials predicted using the Gogny-Hartree-Fock, Dirac-Brueckner-Hartree-Fock and the Relativistic Impulse Approximation with various two-body and three-body interactions 6 . The lower windows are example of the SHF and RMF model predictions 57 at a density of ρ = 0.5ρ 0 , 1.0ρ 0 and 2ρ 0 , respectively. It is seen that while some models predict decreasing symmetry potentials (leading to a positive m * n−p ) albeit at different rates, some others predict instead increasing ones with growing nucleon momentum especially at suprasaturation densities. For instance, the four widely used Gogny interactions D1 58 , D1S 59 , D1N 60 and D1M 61 predict very different momentum dependence for the isovector potential. Thus, they predict also very different neutron-proton effective mass splittings especially at high densities and/or momenta. Why is the isovector potential so uncertain especially at high-densities and/or high-momenta? Besides the obviously different techniques used in treating quantum many-body problems, there are some physics origins. Some useful hints can be obtained from the expression of the isovector potential at k F in the interacting Fermi gas model 62,63
3 r ij in terms of the isosinglet (T=0) and isotriplet (T=1) nucleon-nucleon interactions V T 0 (r ij ) and V T 1 (r ij ), and the corresponding nucleon-nucleon correlation functions f T 0 (r ij ) and f T 1 (r ij ), respectively. Needless to say, if there is no isospin dependence in both the nucleon-nucleon interaction and the correlation function, then the isovector potential U sym,1 (k F , ρ) vanishes. The E sym (ρ) thus reflects the competition of the nucleon-nucleon interaction strengths and correlation functions between the isosinglet and isotriplet channels. Among the key factors affecting the competition are (1) the spin-isospin dependence of the three-body force (which is normally represented by a density-dependent effective two-body force after integrating over the third nucleon), (2) tensor forces mostly in the isosinglet channel and (3) the isospin dependence of nucleon-nucleon correlations 63 . Our poor knowledge about the in-medium properties of these factors, such as the uncertain short-range behavior of the tensor force due to ρ-meson exchange, contribute dominantly to the uncertain density and momentum dependence of the isovector potential especially at supra-saturation densities 63,64 .
4. Neutron-proton effective mass splitting and density dependence of nuclear symmetry energy Nuclear symmetry energy E sym (ρ) encodes the energy associated with the neutronproton asymmetry in the Equation of State (EOS) of isospin-asymmetric matter. It is currently the most uncertain part of the EOS of neutron-rich nucleonic matter especially at supra-saturation densities. Using the Hugenholtz-Van Hove (HVH) theorem 65 or the Bruckner theory 66,67 , nuclear symmetry energy E sym (ρ) and its density slope L(ρ) ≡ [3ρ(∂E sym /∂ρ] ρ can be expressed as 5,6,68
Comparing these expressions with Eq. (4), it is seen that the E sym (ρ) , L(ρ) and m * n−p depend on some common quantities especially the momentum dependence of the symmetry potential dU sym,1 /dk. Thus, the knowledge about the m * n−p may help us pin down the uncertain E sym (ρ) and its density slope L(ρ) or vice versa. At ρ 0 , by neglecting the momentum dependence of the m * 0 and the higher-order term U sym,2 (ρ, k F ), the Eq. (4) can be further simplified in terms of the characteristics of the density dependence of nuclear symmetry energy as 9
It is clear that whether the m * n is equal, larger or smaller than the m * p depends on the value of L(ρ 0 ) relative to the quantity [3E sym (ρ 0 ) − Fig. 2 , most of the 28 studies of various terrestrial nuclear laboratory experiments and astrophysical observations have found l0 values to be less than 76 MeV. In fact, the 2013 global average of l0 is 58.9 ± 16 MeV. Thus, the available information on the symmetry energy strongly indicates that the m * n−p is positive 9 .
5. Neutron-proton effective mass splitting at saturation density from optical model analyses of nucleon-nucleus scattering data
Nucleon-nucleus scattering experiments have long been the main source of information about the energy/momentum and isospin dependence of the nucleon optical optical potential U 0 (E) and U sym,1 (E) according to
where µ = 1− ∂U0 ∂E , E = T +U 0 (T ) and T is the nucleon kinetic energy. Shown in Fig.  4 is a comparison of the symmetry potential U sym,1 in the nucleon optical potential and the U sym,1 in isospin-asymmetric nucleonic matter as a function of nucleon momentum. It is seen that their slopes are significantly different especially around the nucleon Fermi momentum of 270 MeV/c. The momentum dependence of the U sym,1 provides a significant boundary condition for the isovector potentials used in transport model simulations of heavy-ion reactions especially those induced by rare isotopes. Moreover, the U sym,1 instead of the U sym,1 should be used in evaluating the neutron-proton effective mass splitting. To evaluate the m * n−p according to Eq. (4), one also needs to know not only the first-order derivative of the symmetry potential but also both the first-order and second-order derivatives of the isoscalar potential U 0 with respect to nucleon momentum. Their values were found to be −dU sym,1 /dk = 30.44, −k F /3d 2 U 0 /dk 2 = −12.88, and 1/3dU 0 /dk = 10.17 at k F . Thus, the last two terms due to the momentum dependence of the isoscalar potential largely cancel out, leaving the momentum dependence of the isovector potential −dU sym,1 /dk as the dominating source of the m * n−p = (0.41 ± 0.15)δ at saturation density 8 . 
Effects of neutron-proton effective mass splitting on the isospin-dependence of in-medium nucleon-nucleon cross sections
In-medium nucleon-nucleon cross sections determine transport properties, such as the stopping power and thermalization rate, of nuclear matter. In free-space, the neutron-proton cross section is about three times that of proton-proton (neutronneutron) collisions below the pion production threshold. How does this strong isospin-dependence of nucleon-nucleon cross sections behave in neutron-rich matter? Answer to this question has important impact on understanding properties of neutron stars and heavy-ion collisions. The mean-field potential and the nucleonnucleon scattering cross sections are two basic inputs in transport model simulations of heavy ion collisions. In principle, they should be determined self-consistently from the same interaction. However, due to the complexity of the problem, the nuclear mean-field potentials and nucleon-nucleon scattering cross sections used in most transport models are obtained separately. In particular, the experimental free-space nucleon-nucleon scattering cross sections (sometimes with a constant or simple local density-dependent scalings) are usually applied in some transport model simulations. Physically, it is expected that the scattering cross sections of pp, nn and np in isospin-asymmetric nuclear medium should be modified differently due to the isovector nuclear effective interactions and the isospin-dependent Pauli blocking. For example, in the IBUU04 transport model 57 and its extended versions, isospin dependent free-space or in-medium nucleon-nucleon cross sections can be used optionally. The in-medium cross sections are obtained by extending the effective mass scaling model in symmetric matter 18,78,79 to isospin asymmetric matter using the isospin-and momentum-dependent MDI interaction 2,52,80 . In the effective mass scaling model, the nucleon-nucleon interaction matrix elements in the medium are assumed to be identical to that in free-space, and the in-medium nucleon-nucleon cross sections (σ medium N N ) thus differ from the free-space ones (σ free N N ) only due to the variation in the incoming current in the initial state and the density of states in the final state. Since both factors depend on the effective masses of the colliding nucleon pair, the in-medium nucleon-nucleon cross sections are reduced by the factor
where µ N N and µ * N N are, respectively, the free-space and in-medium reduced masses of the colliding nucleon pair. It is interesting to mention that the scaling of σ medium N N /σ free N N in Eq. (9) is found to be consistent with calculations using the DBHF theory 81 for colliding nucleon pairs with relative momenta less than about 240 MeV/c at densities less than about 2ρ 0 .
To examine effects of the neutron-proton effective mass splitting on the isospindependence of in-medium nucleon-nucleon cross sections, we take the MDI interaction as an example 3 . The left panels of Figure 5 display the effective masses of neutrons and protons in cold asymmetric nuclear matter at their respective Fermi surfaces as functions of density (upper window) and isospin asymmetry (lower window) using the MDI interaction 3 . It is seen that neutrons have a larger effective mass than protons in neutron-rich matter. Moreover, the neutron-proton effective mass splitting increases with both the density and isospin asymmetry of the nuclear medium. Shown in the right panels of Fig. 5 is the reduction factor R medium for two colliding nucleons having the same magnitude of momentum p in cold asymmetric nuclear matter as a function of density (upper window), isospin asymmetry (middle window), and the nucleon momentum (bottom window). Interestingly, one can see that not only the nucleon-nucleon cross sections in nuclear medium are reduced compared with their values in free-space, but the nn cross sections are larger than the pp cross sections in the neutron-rich matter although their free-space values are identical. In addition, the difference between the nn and pp scattering cross sections becomes larger in more neutron-rich matter. The larger in-medium nn cross sections than pp ones in neutron-rich matter are completely due to the positive neutron-proton effective mass splitting in neutron-rich matter with the MDI interaction as shown in the left panels of Fig. 5 . This feature provides a potentially useful probe of the neutron-proton effective mass splitting in neutron-rich matter and can be explored in heavy ion collisions induced by neutron-rich nuclei. It should be pointed out that in transport model simulations of heavy-ion collisions, the nucleon effective masses used to obtain the in-medium nucleon-nucleon cross sections in the effective mass scaling model have to be calculated dynamically in the evolving nuclear medium created during the collisions 3 . To our best knowledge, the latest neutron-proton effective mass splitting at saturation density extracted from optical model analyses of nucleon-nucleus scattering experiments has not been used in calibrating symmetry potentials predicted by various many-body theories yet. The latter, as we discussed earlier, predict very diverse momentum dependences for the symmetry potential, thus different values for the m * n−p especially at supra-saturation densities. Symmetry potentials used in simulating heavy-ion collisions are consequently very model dependent presently. So far, most of the studies have been focusing on finding experimental observables sensitive to the density dependence of the symmetry energy and/or the momentum dependence of the symmetry potential, thus the neutron-proton effective mass splitting. Indeed, despite of the often model-dependent predictions, some common features have been found. For instance, several experimental observables in heavyion collisions have been found to be sensitive to the neutron-proton effective mass splitting consistently based on simulations using several different transport models 2, 3, 32, 33, 34, 35, 36 . The identified observables are mainly differential or relative quantities between neutron-proton or light mirror nuclei where effects of the isoscalar potential are largely canceled out. These observables are also generally insensitive to the in-medium nucleon-nucleon cross sections. As examples, shown in Fig. 6 are 1) (upper left) the average isospin asymmetry δ f ree (y) of free nucleons and 2) (lower left) the neutron-proton differential transverse flow F where w i = 1(−1) for neutrons (protons) and N (y) is the total number of free nucleons at rapidity y from IBUU04 model calculations using the MDI interaction for 132 Sn + 124 Sn reactions at a beam energy of 400 MeV/nucleon and an impact parameter of 5 fm 2 . Shown on the right is the n/p ratio of midrapidity nucleons within |y cms /y beam | ≤ 0.3 as a function of transverse momentum p t . Its overall decrease at low p t is due to the Coulomb force. The two calculations with and without the momentum-dependence of the symmetry potential are done with the same density dependence of the symmetry energy. By construction, they have different neutron-proton effective mass splitting of m * n−p = 0 (black) and m * n−p > 0 (green), respectively. The value of δ f ree (y) reflects mainly the degree of isospin fractionation between the free nucleons and the bound ones at freeze-out. At midrapidity the δ f ree (y) values are close to the value expected when a complete isospin equilibrium is established among all target and projectile nucleons. It is interesting to see that with m * n−p = 0, the δ f ree (y) is significantly higher than with m * n−p > 0. Moreover, the difference tends to increase with rapidity. These features are what one expects from the different strength of the symmetry potential with or without the momentum dependence 2 . In the case of m * n−p = 0, the symmetry potential is a constant but it decreases with momentum in the case of m * n−p > 0. It is seen that effects of the neutron-proton effective mass splitting are stronger on energetic nucleons at high rapidity or transverse momenta. Several other observables, such as the very similar to the ones from using the neutron-proton pairs, see, e.g., ref. 82 . In addition, the relative elliptic flow between neutrons and protons has attracted some special attention. Shown on the left in Fig. 7 are the difference between neutron and proton elliptical flows in semi-central 197 Au+ 197 Au collisions at 400 MeV/nucleon predicted by a molecular dynamics model 34 . While on the right is the difference between the elliptical flows of protons and neutrons (note the difference in definitions) for the same reaction calculated from a stochastic mean-field model with a stiff symmetry energy 33 . Both calculations show consistently that the difference in elliptical flows of neutrons and protons are sensitive to the neutron-proton effective mass splitting.
Unfortunately, indications on the neutron-proton effective mass splitting from transport model analyses of heavy-ion reactions are currently still unclear 83 . For instance, analyses of the free neutron/proton double ratio from central 124 Sn+ 124 Sn and 112 Sn+ 112 Sn collisions at 50 and 120 MeV/nucleon at the NSCL/MSU seem to indicate that protons have a slightly larger effective mass than neutrons based on comparisons with calculations within an improved quantum molecular dynamics model 42 . However, the preferred Skyrme interactions predict a nucleon symmetry potential that is increasing with nucleon energy/momentum at saturation density in contrast to the findings from optical model analyses of nucleon-nucleus scattering data. Another analysis 83 of the same data using the IBUU11 transport model found that indeed the assumption of m * n ≤ m * p leads to a higher neutron/proton ratio although the underlying symmetry potential disagrees with the constraints from optical model analyses of nucleon-nucleus scattering data. Moreover, results of the IBUU11 calculations using the E sym (ρ), U sym,1 (ρ, p) and m * n−p all within their current uncertainty ranges still under-predict significantly the NSCL/MSU data. This situation clearly calls for more detailed theoretical studies of the free neutron/proton ratio with different transport models and consider possibly new mechanisms, such as effects of the short-range nucleon-nucleon correlations on the symmetry potential/energy 84,85 . On the experimental side, besides improving the precision of measuring neutron spectra which are always a great challenge, reactions with high intensity more neutron-rich beams will certainly enhance effects of the neutron-proton effective mass splitting which is proportional to the isospin asymmetry of the medium.
Summary and Outlook
In summary, the neutron-proton effective mass splitting in neutron-rich nucleonic matter is a fundamental quantity relevant for understanding many interesting issues in many areas of both nuclear physics and astrophysics. Predictions based on various many-body theories using essentially all available 2-body and 3-body forces are rather diverse mainly because of our poor knowledge about the isospin-dependence of in-medium nuclear effective interactions. Since the neutron-proton effective mass splitting is basically determined by the momentum dependence of the symmetry potential which also affects strongly the density dependence of the symmetry energy, constraints on one of them can help limit the other. Indeed, recent constraints on the density slope of the symmetry energy from many analyses of both terrestrial laboratory data and astrophysical observations indicate clearly that the neutron effective mass is higher than that of protons and their difference grows with the isospin asymmetry of the medium. Moreover, significant progress in constraining the neutron-proton effective mass splitting at saturation density was made recently by conducing a rather extensive analyses of huge sets of nucleon-nucleus scattering data using an isospin-dependent optical model. It was found that m * n−p = (0.41 ± 0.15)δ at saturation density. In our possibly biased opinion, this is so far the most reliable constraint available and can be used as a boundary condition in calibrating calculations by many-body theories. Furthermore, the neutron-proton effective mass splitting has long been known to affect several isospin-sensitive observables in heavyion collisions. However, analyses of limited heavy-ion reaction data available using various transport models have not reached a consensus yet regarding the neutronproton effective mass splitting in neutron-rich matter. It is encouraging to note that the study on the neutron-proton effective mass splitting and the density-dependence of nuclear symmetry energy are receiving much attention recently both theoretically and experimentally. In particular, experiments using more advanced neutron and charged particle detectors at various radioactive beam facilities will certainly bring us to the next level of research about the neutron-proton effective mass splitting in neutron-rich matter. We hope that not only the progress made so far but also the unresolved issues discussed in this brief review will further stimulate investigations on this currently still hotly debated topic relevant for both nuclear physics and astrophysics.
